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Electronic structure, especially the charge density or the spin density of the benzene anion (exactly dihydro-
phenylide ion) is investigated by the Hubbard Hamiltonian with vibronic interaction. Two limiting cases, i.e.,
I/B<1 and I/B>>1 (I is the electron repulsion on site, B the absolute value of transfer integral.) are analytically
examined. For whole range of this ratio, the numerical calculation has been performed. The actual system falls
into the latter case, where the electron correlation produces a strong effect on the spin density distribution.

The benzene molecule is a typical subject for theo-
ries of electronic states of molecules, while the benzene
anion is of interest also from physical viewpoints. In
the molecular orbital theory, the benzene molecule has
the unoccupied doubly degenerate orbitals. The odd
electron of the benzene anion, therefore, would equally
populate on these degenerate levels.

If the vibronic coupling exists, the degenerate levels
are strongly coupled through an interaction with a cer-
tain mode of the vibration, and then the degeneracy is
removed to lead to a distorted ground state, i.e., the so-
called Jahn-Teller effect arises. Almost all the studies
have been made along the above-mentioned simple
picture.l=® Even in the elaborated work,? the electronic
state was considered within a single-particle picture for
the odd electron, which neglects the role of electron
repulsion.

Recently similar problems have been studied in
solid state physics, e.g., the study of various ordered
phases in the infinite chain molecule.” In this decade
the so-called many-body technique employed in these
investigations are getting familiar also in quantum
chemistry. One of the great advantages of the many-
body thoery lies in making the investigating proce-
dure systematic and pictorial. In the present work, we
employ this method to study the distorted nonuniform
ground state in the benzene anion, taking into account
the most dominant part of the electron interaction.

Model Hamiltonian and One-electron Theory

Let us consider the system to be described by the
P.P.P. Hamiltonian with terms which is responsible
for lattice distortion,

H = T‘Z‘ra’rnro’ - Tzv(ﬁr,r+la:¢ar+lc+h.c.)
+ % 2L itro g + -ZI—M Q23102 (1)

where «, is the Coulomb integral of the site r, B, is
the resonance integral and I,s the electron-electron
interaction constant. The last term of Eq. 1 represents
the elastic energy due to the distortion Q, of the site r
from its Ce-symmetric configuration. It includes the
compressional energy of o electrons. In the undistorted
symmetric configuration, a,and B,sare uniform. There-
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Fig. 1. Site numbers for the benzene anion.
fore, so long as Q, is small, they are expanded in Q,
and can be written as

&= ay +8Q, + 3 Aa( 54,0, @)

Brosi=B8+2Q, 3)

where g and g’ are the expansion coefficients. The
last term of Eq. 2 represents the perturbation arising
from the interaction with solvent which may be added,
say, at the sites r=3 and 6 (Fig. 1), which reduces the
molecular symmetry from Cg to Co. It will be time-
dependent in view of thermal motion of solvent mole-
cules. However, if we assume that it is sufficiently
slow as compared to motion of the phase of the distor-
tion, we can consider it as a static perturbation. As
will be shown below, its effect is to pin up the phase
of the distortion at the particular site so as to minimize
the total energy.

Equation 3 has been used to study the bond-
alternation in polyene (for example the model of Su,
Schriefer and Heeger in considering polyacetylene?),
while Eq. 2 was considered by Holstein® to study the
polaron in molecular chains. The second terms of Egs.
2 and 3 both contribute to the change of the energy of
the electrons due to the distortion. However, in the
present study, they yield essentially the same physical
effect except for the difference of the phases of distor-
tion, so that we shall take only the change of a, of Eq. 2
into account, and consider

Brirer=8 )

as a constant.
The electron-electron interaction plays an impor-
tant role in the electron distribution, which was not
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considered in the early works.l=? However, the full
consideration of electron interaction in Eq. 1 is so
complex as to preclude physical pictures, therefore we
shall consider only the on-site repulsion I,,=I in order
to examine the essential features qualitatively.9—19
Then, the Hamiltonian to be considered becomes

H = Hy + H,, + H,, (5>
Ho = “‘Bg(a:oarﬂo"*'h‘c')’ (6)

Hint = gEaanra + ';“Iznra-”r—o'

1
+ ?Aagnro’(ar,s‘['&r,s)’ (7)
1
Hy, = —2—M ng‘,Qi. (8)

Now, let us outline the one-electron theory of Jahn-
Teller distortion. The molecular orbitals given by Hy
have LCAO coefficients at the atomic site r as given by,

Crn, = /G e™, 9

where the periodic boundary condition for k, imposes
that

ho=Sn (n=0, x1, %2, 3), (10)

and the one-electron spectrum is given by
&, = —2Bcos k,. (11)

In the neutral benzene, the orbitals n=0 and %1 are
occupied. The odd electron in the benzene anion may
occupy either one of the orbitals with n=+4+2 or —2, so
that the state of the anion is doubly degenerate (the
spin of the odd electron is fixed). Therefore, any per-
turbation which has the component of Cz-symmetry
will remove this degeneracy, even if it may be consider-
ably small. Indeed, if the electron-electron interaction
is neglected for a time, the first order perturbation
theory gives the splitting of & as

E.o=¢ A (12)

We express the distortion of Cz-mode, which couples
with the orbitals n=%2, as

QJ — _é_Q(eikzr+i«p+e-ik2r-i¢)’ (13)

where Q and ¢ are the amplitude and the phase of
distortion, respectively. Then, A is given by

A= %{(Aaﬁ—gQAacos ©o+g2Q%} 172, (14)

The odd electron must occupy the level &, so that
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the energy change caused by the distortion is
W=—A+ %MQZQ% (15)

Equation 15 plays the role of adiabatic potential for the
system. The ground state configuration is obtained by
minimizing W with respect to Q and ¢, and as optimum
values we obtain

¢ =0 or z, (16)
according to 4a<<0 or >0, respectively, and
Q, = g/(2MQ?). (17)

The minimum of W is negative, so that the Jahn-Teller
distortion is stabilized. The odd electron distribution
becomes nonuniform as given by

1 27
A4 = —(1F —
n, 6(1+Cos 3 r), (18)

where the sign F corresponds to 4a=0. Within this
approach the spin density distribution is the same as
Eq. 18 apart from the factor 1/2 (Fig. 2). Equation 18
is the same as obtained by Hobey and McLachlan.?

Green’s Function Theory

In benzene the electron repulsion is not considered
to be small and the one-electron theory considering
only the degenerate orbitals with n=22 is too simple
to explain the real system. We must consider all the
seven electrons together in the framework of the many-
body theory, even within the Hartree-Fock scheme.
For this purpose it is convenient to introduce the
Green’s function defined by

Grs(t) = —iKTas(t)as, (0)1). (19)

Transforming the atomic orbitals into the molecular
orbitals, Eq. 19 becomes

G2.0) = § TG0, (20)

p.q
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0 ¥
a) b)

Fig. 2. The electron density distribution in the one-
electron theory. a) Aa>0, b) 4a<0.
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Fig. 3. Closed contour for Eq. 25. The crosses rep-

resent the singular points of the Green’s function.
The contour of integration in the complex plane is
the real axis from —oo to o0 and the semicircle of the
upper half plane.

where

G5 4(t) = —i{Tape(t)ag(0)1>- (21)

The Fourier transform of the Green’s function is
defined as

G34(t) = Sl%cz.ue)e—w. (22)

It can be expected that the special role played by
the Cz-mode of distortion remains important so long
as the electron repulsion is not too strong and we thus
consider that the dominant components of the Green’s
function Gpgy(t) are those for g=p, ptk, where we
denote as k=ko=21/3, and the other components can be
neglected. The electron distribution is then

Ny = na + §(<a;+”aw>e—""+c.c.). (23)

The first term of Eq. 23 is the uniform part of the
density of the electron

1 {4/6 for spin up

—JVZ:IK% wtpr) = 3/6 for spin down. (24)

n, =

The second term of Eq. 23 represents the non-uniform
distribution. It is expressed by the Green’s function as

1 ..
8 s ko pey = ‘i—}l_gl_cop"mk(t)

. «© d .
- S o Crpa(@)et. (25)

The eé-integral of Eq. 25 is estimated by closing the
contour on the upper half plane as in Fig. 3 to be

{854 400pey = 2] residue of Gf .. (¢), (26)

1eocc

where ¢ is the i-th pole of the Green’s function. The
total energy can be expressed also by the Green’s
function as (see Appendix for details)
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1 de
E = >3 S%[(e+n-a1+‘-p)o§p(e)

T 5 (6Qe"+ Aa)GF us(e)
+ 5 (€Qe~+ 400Gy, 4(6)]. (27)

Equation 27 can be estimated by the sum of the residue
of the occupied levels as expressed by Eq. 26.

Now, the equation of motion for the Green’s func-
tion leads to!?

. d
270‘{3(‘) = 57.35(0

1
+ {gQr + ?Aa(ar,s'*' 57,6)} G‘;s (t)

— B{GTs(t) = GTL1 (1)}
+ II7,(), (28)

where
I (¢) = —iKT[n,_o(t)a,5(¢)a;,(0)1> (29)

is the higher order Green’s function. Within the
Hartree-Fock scheme I is approximated by decoupl-
ing as

Ire,() = ”r—a'Gg.:(t)' (30)

Then, in the molecular orbital representation the
equation becomes

(E - 511 - In—cr) G;.q(e) - CoGg+k.q (S)

— CEC3 ) =0y (31)
where
Co = 5 (eQe "+ datD_,), (32)
and
Dy = I31a51p0tp0) (33)

is determined by Eq. 25. It is easily shown that the
total energy is minimized when C, and D, are real
and ¢=0 or m. The system as expressed by Eq. 31 is
separated into two sets of equations as illustrated in
Fig. 4. Then, the equations for G, and Gp,p44 are
expressed as

e~y —G -G Gg, [ 05,4 ]

—C e—wo, —G } Gq |=1 %00 | (39
-G, -G e—wy, G704 L 02,
e—w . —GCo -G Gi, [ 01, ]

-G e—wy, —GC ] GSy |=| 0aq |5 (39)
-G -G, e—w,5 ) GIy, L 01, J
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Fig. 4. The coupling of the orbitals in Egs. 34, 35 by
dashed lines.

where

W0 = & + n_gl. (36)

The one-electron energies given by the eigenvalues of
Egs. 34 and 35 are expressed as

8 = @7 + n_,1, (37)
where
mo — 1 o
w, = ‘i“(-ﬁ"‘ccr—rd.)’

(.T)‘{:—[S—Ca,

—

‘7)3 _(ﬁ'*‘c "'T ):

N

‘.6::.8_011

~ 1
(l)g = 7(—19+Ca+7{),

@f = ‘é—(ﬂ+ca+7‘f),
7 = 3/ B (23)BC,+C. (38)

Then, Green’s functions are solved as

e—w3—-C,
Det3(e) °

GT(e) = 67y 1(e) = - { e,

Det9(e)  e—&

2
_ 1 [ e—awg 1
T2 {Detg(e) + e—E&g }’

GFo(e) =

G5a(e) = G7y _y(e)

e—wf—C,
Gis(e) = Das(e) (39)
and

_ 1 [ e—ag

GZ11(e) = Gf 1 (e) = 2 [Det‘(e) c—&g }
1 [ e—wf

22(€) = = {Det’(e) s—e" }

Co

G31(e) = GY3(e) = G5._1(e) = GZ,5(¢) =

Detf(e)’

G

G7.(¢) m’ (40)

= GFo(e) = GF.-2(e) = GZy(e) =
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THE SELF- CONSISTENT SOLUTIONS

FOR THE WEAK REPULSION

Aa>0 4a<0
D+ —1/21 1721
D- 0 0
C+ 1/6(gQ+4a) —1/6(gQ+4dal)
Cc- —1/12+1/6(gQ+da)  1/12—1/6(gQ+|4al|)
An, 1/6(1—cos2w/3r) 1/6(1+cos2m/3r)
Sr 1/12(1—cos2m/3r) 1/12(14cos2m/3r)
7] 0 ™

4n, is the distribution of the excess charge normalized
as Yl4n,=1. S, is the spin distribution.
where

Detg(e) =
Detg(e) =

(e—2)(c—25),

(e—&)(e—21). (41)

Analytic Solutions in Limiting Cases

The Green’s functions, which is dependent on the
potential Co, must be solved self-consistently with Egs.
32 and 33. The equations are solved numerically as
shown in the next section. Here we give the analytic
solutions for two limiting cases of the weak and strong
repulsion, as follows.

1. Weak repulsion 8>>|C,| (I< B)

In this case the essential features of the one-electron
theory described above are remain unchanged. The
occupied levels are in ascending order

+ + + + - - -
of, 0F, 0}, 0}, 07, 0z, 07 for da >0

i, 03, 05, 0f, o7, 0;, w; for da 0. (42)

The self-consistent solution in the leading order in /8
are listed in Table 1. The real and small parameter of
expansion is|Cs|/B, but not I/B. The former is small as
far as I is not too large even if it exceeds B, as will be
demonstrated numerically.

The energy gain of the distortion is given by

AE=E-—E°

L (g0 +|da) + -—QzQ.2 (43)

°’|

where Eo is the H. F. energy of undistorted configu-
ration of the benzene anion,

Ey=—78 + I (44)

The magnitude of Q for the equilibrium configura-
tion is determined by the minimization of Eq. 43 as

Q, = g/(2MQY). (45)

Equations 43 and 45 agree with the results in the one-
electron theory.

2. Strong repulsion 8K |Cq| (I>B)

The occupied levels are the same as Eq. 42. The
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TaBLE 2. TWO CLASSES OF THE SELF-CONSISTENT SOLUTIONS
FOR THE STRONG REPULSION, ONE STABLE (A)
AND ONE UNSTABLE (B)

A (stable) B (unstable)
D+ —2I 1
D- 3721 —3/21
C+ 1/4+1/6(gQ+4a) —1/4+1/6(gQ+4dal)
Cc- —1/3+1/6(gQ+da)  1/6+1/6(gQ+ dal)
an, 1/6(1—cos2m/3r) 1/6(1—cos2m/3r)
Sy 1/12(1—7cos2w/3r) 1/12(145cos2m/ 3r)
7] 0 0

% F

S
-
ook
ol

L .
a) b)
Fig. 5. a) Excess charge distribution, b) Spin distribu-
tion.

solutions are given in Table 2. In this case two classes
of self-consistent solutions A and B are possible. The
energy gain of A and B are, respectively

AE, = I+ - H(s0+40) + Margr,  46)

AEg = —%1 + 8- %(gQ.+Aa) + %/I—QzQ}. (47)

As long as I >, the energy of A is lower than that
of B irrespective of the sign of da, so that A is the
stable configuration. The minimum of Eq. 46 gives
Qo as the same as Eq. 45. The distributions of the ex-
cess charge and spin are illustrated in Fig. 5. Theeffect
of the electron-repulsion is drastic. The odd electron
polarizes the electrons at the levels of n=0, £1 which
already exist in the neutral benzene, and leads to the
negative spin density at sites 3 and 6.

Numerical Results

For the whole range of I, the numerical analysis is
performed. We give values of the parameters as follows.

da = 0.01,
g = 0.04,
0 = 0.02.

The sign of da represents the electrophilicity or the
nucleophilicity of the solvent. The absolute value of 4a
and g can be selected rather arbitrarily, because they
affect hardly on the results. Q is the value that lets the
total energy minimize on I=3 (this value of I would
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probably correspond to the electron correlation for the
benzene molecule.).

The results are shown in Figs. 6—10. All the result-
ant values for I =15 are very close to the analytic solu-
tions given in the previous section. The I dependence
of Co, Do/I and that of energy E are represented in
Figs. 6 and 7, respectively. As illustrated in figures,
two classes of self-consistent solutions, one stable and
one unstable, exist as mentioned before. The solid and
dashed curves correspond to the stable solution A and
the unstable one B, respectively. The orbital patterns
corresponding to the two classes of solutions for 1=3
and 12 are illustrsted in Fig. 8. It is easy to see that
the patterns for unstable solution does not give the prop-
er ground state.

Figure 9 shows the behavior of the charge density
and the spin density versus I. In this figure the solid
and dashed curves correspond to the values on sites 1
and 6, respectively.

Figure 10 represents the relation between the total
energy E and the displacement Q, and shows the stabi-
lization of energy due to the Jahn-Teller effect. On
calculating the total energy, we assigned the value of
4.12 for the parameter M2 which is calculated from

4.0 -
4 t.0
2.0
8
0.0 4 0.0
< {i 35
-2.0
4-1.0
-4.0 .
4-2.0
l 1 1 1 1 1
0.0 5.0 10.0 15.0

CORRELATION I 78

Fig. 6. Coand Do/I us. I. Iis represented in the unit
B=1. We give values of the parameters as follows:
Aa=0.01, g=0.04, Q=0.02. The solid and dashed
curves correspond to the stable and unstable solu-
tions, respectively.

-10.0 1 ! ! 1 \ 1
0.0 5.0 10.0 15.0
CORRELATION I »8
Fig. 7. E vs. I. All parameters and curves are the

same as Fig. 6.
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Fig. 8. The orbital patterns for the undistorted and
distorted cases with I=3 and 12 are compared. a)
Orbital patterns for stable solution, b) For unstable
one. The up and down arrows represent the up and
down spin orbitals, respectively. All parameters are
the same as Fig. 6.
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1.1} \ 4
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Fig. 9. The charge density and the spin density vs.
I. The solid and dashed curves correspond to the
densities for the case of the stable solution on sites
1 and 6, respectively. All parameters are the same as
Fig. 6.
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DISPLACEMENT /& x 1072

Fig. 10. The energy gain due to the distortion
Q. TheenergyisexpressedineVand Qin A. 4¢=0.01,
g=0.04, I=3, MQ2=14.12.

2 0
-1 -1 -1 1
-1 -1 -1
2 0
a) b)

Fig. 11. The wave functions of unoccupied and
degenerate levels of benzene. The numbers inside
the rings are normalization factor.

the force constant of the EF vibronic mode of the ben-
zene molecule.1® The energy is minimized at Q=0.02A.

Concluding Remarks

We have analyzed the Jahn-Teller distortion of the
benzene anion on the basis of the modified P.P.P.
models. As far as the repulsion is weak, our results
confirm the simple theory considering only the odd
electron of the anion.® But if the repulsion becomes
strong, i.e., I/B>15 the effect of other 7 electrons be-
comes significant. This effect appears more remarkab-
ly on the distribution of the spin than that of the
charge. The discrepancy between the distributions
of the spin and charge originates from the exchange
interaction between the 7 electrons which is not con-
sidered in the single electron theory.

We wish to stress a few points. Look at Fig. 11 which
displays the amplitude of the unoccupied, degenerate
wave functions with n==x2 of benzene. The odd elec-
tron of the benzene anion is equally distributed on
these two states. However, this picture is only for pic-
torial understanding and each pattern of the charge
density distribution given by a) or b) in Fig. 11 is of
less meaning by itself, but the mean of them would
correspond to usual experimental observations. This
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aspect holds even if the vibronic interaction is intro-
duced in Eq. 7 to remove the degeneracy, since the phase
of the electron distribution remains still arbitrary.

The external perturbation which reduces the molec-
ular symmetry from Cg to Cz and fixes the phase ¢ is
given by the last term of Eq. 7. Let this perturbation
work during a characteristic time 7. So long as 7 is
large enough compared with the time scale during
which the position determining experimental observa-
tion can be made, the states indicated in Fig. 11 a) and
b), and the similar ones in Fig. 5 become meaningfull.
The curious distributions of the odd electron density
or the spin density shown in Fig. 5 are to be under-
stood as an event taking place in the characteristic time
7. In other words, we may imagine that during this time
the solvent molecules are located near the positions 3
and 6. If 7 is quite small, we would observe time
averaged uniform distributions for the charge and
spin densities. Such consideration plays an important
role in the analysis of the observed ESR spectra of this
ion.1¥

Finally we stress that the negative spin densities at
sites 3 and 6 induced by the strong electron interaction
are interesting, because it makes an excellent contrast
to the case of the single electron theories.

Appendix

In this appendix we derive Eq. 27 for the total energy.1®
First, the Hamiltonian (Egs. 5—7) are re-written as

H, = Hl + Hz, (48)

where
H, = —ﬁg(a,'.',a,“,+h.c.)

+%Aa2nr¢r(ar,s+ 57.6) + gEQ.‘rn‘m’ (49)

1
H, = —2—1 gnwn,-,. (50)

The expectation value of H; is expressed as
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{Hp = _i[~ﬂ§{cg+l‘r(t) +G7y.(t)}

+ 360+ 4a(3, 540, )67, ()L (31)

The expectation value of Hz is written as

CHyy = LTS ak0 08 0r0). (52

Comparing Eq. 52 with Eqgs. 28 and 29, we obtain

CHyy = ~E5062 60, ~dad, )67,)
+ BG) + G e (59)

Adding Egs. 51, 53, and the elastic energy Eq. 8, we obtain
Eq. 27.
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